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Let V be a set of curves in the plane. The corresponding intersection graph 
has V as the set of vertices, and two vertices are connected by an edge if and only 
if the two corresponding curves intersect in the plane. 
It is shown that the set of intersection graphs of curves in the plane is a proper 
subset of the set of all undirected graphs. Furthermore, the set of intersection 
graphs of straight line-segments is a proper subset of the set of the intersection 
graphs of curves in the plane. Finally, it is shown that for every k > 3, the 
problem of determining whether an intersection graph of straight line-segments 
is k-colorable is N&complete. 
1. INTRODUCTION 
Let V be a finite set of curves in the plane. Two curves may or may not 
intersect, namely, have a common point. We construct an undirected 
finite graph G( V, E), called the intersection graph of V as follows: V is the 
set of G’s vertices. There is an edge (a, b) E E if and only if the curves 
a and b intersect.l 
For example, consider the curves drawn in Fig. la. There are three 
curves in the plane, a, b, and c. They are all straight lines, in this case. 
Since every two of them intersect, the corresponding intersection graph 
is a completely connected graph of three vertices, as shown in Fig. lc. 
* Most of the work reported in this paper was done at the Weizman Institute of 
Science. 
t Now with the Department of Mathematics, Bar-Ran University, Ramat-Gan, 
Israel. 
* Now with the Department of Computer Science, Technion, Haifa, Israel. 
s Now with the Computer Science Department, Stanford University, Stanford, 
California 94305. 
1 In this paper we ignore the number of intersections two curves may have. We say 
that two curves intersect if they have one or more points of intersection. However, 
only a finite number of intersecting-points are allowed. 
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INTERSECTION GRAPHS 
FIGURE 1 
The curves shown in Fig. lb, although topologically distinct from those 
of Fig. la, yield the same intersection graph. 
In case all the curves are straight line segments, we shall say that the 
corresponding graph is an intersection graph of straight lines. 
Intersection graphs are of interest in circuit layout techniques. The 
chromatic number of the intersection graph is the minimum number of 
planes necessary to realize a set of connections shown by the curves, 
in case we do not allow jumps from one plane to another. We assume, of 
course, that all end-points of the curves are available in all the parallel 
planes. 
We shall show that the set of intersection graphs is a proper subset of 
the set of all graphs. Furthermore, the set of intersection graphs of straight 
lines is a proper subset of the set of intersection graphs of curves. Yet, the 
problem of finding the chromatic number for intersection graphs is 
probably hard to solve; in particular we shall show that for every k 3 3, 
the problem of whether an intersection graph of straight lines is colorable 
with k colors is NP-complete.2 
2. THERE ARE GRAPHS WHICH ARE NOT INTERSECTION GRAPHS 
We start our construction by choosing some finite undirected graph 6 
which is known not to be planar. Let us illustrate the process by using 
a completely connected graph of five vertices, which as one of Kuratowski’s 
graphs is known to be nonplanar. e is shown in Fig. 2a. Clearly, e itself 
is an intersection graph. In fact every completely connected graph is an 
intersection graph of straight lines all of which intersect in one point 
(see Fig. 2b). 
Now, construct G by introducing a new vertex in the middle of each 
edge. The number of edges is doubled and the number of vertices is 
increased by the number of edges in G (see Fig. 2~). 
We claim that G is not an intersection graph of any set of curves. 
z For a definition of NP completeness and its significance, see for example [I]. 
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FIGURE 2 
Let us prove this assertion by an indirect proof. Assume that there is 
a set of curves V such that G( V, E) is its intersection graph. For our 
example the curves, all except the one representing vertex 10, would 
look something like the drawing shown in Fig. 3. As dictated by G, the 
five alphabetic curves cannot intersect each other, and similarly, the 10 
numeric curves cannot intersect each other. The only intersections allowed 
are those displayed in the diagram, in addition to the missing curve 10, 
which should intersect curves a and d only. This curve was not drawn 
because it cannot be drawn. But assume the whole diagram could have 
been drawn as required. We could now shrink each one of the alphabetic 
curves into a point without creating any new intersection, except that all 
the numeric curves which intersected this alphabetic curve would now 
meet in this point. The resulting diagram is a planar realization of e 
where the points represent the vertices, and the numberic curves are the 
edges. This is a contradiction, since (2 is nonplanar. 
It is interesting to note that every planar graph is an intersection graph 
of curves. Our illustration makes use of the fact that curves may intersect 
any number of times, and not just once. For example, consider the planar 
graph shown in Fig. 4a. In Fig. 4b we show that each vertex and more than 
half the length of each of its incident edges can be surrounded by a curve 
in such a way that the resulting curves correspond to the vertices of the 
initial graph which serves now as their intersection graph. 
FIGURE 3 
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3. AN INTERESTING FAMILY OF INTERSECTION GRAPHS 
In this section we shall display a family of (nonplanar) intersection 
graphs. Our purpose is to show some of the richness possible in inter- 
section graphs and to pose an open question concerning this family. 
Let k and n be positive integers. The graph Gr,n has k * IZ vertices 
denoted by vij where 1 f i < k and 1 < j < n. The set of edges, E, 
of Glc,n is defined by 
<Vab f vc,)EEoa#candb#d. 
First, let us show that, for every k and n, Gk,n is an intersection graph. 
Consider the diagram shown in Fig. 5; a realization of G3,4 is shown. It 
is not hard to generalize this construction, Higher 12% are achieved by 
using smaller angles for the realization of vll , v12 ,..., vln ; higher k’s 
are achived by using curves of the type of us1 , vQ2, va3 and us4 of our 
example. It is somewhat harder, but possible, to describe the curves for 
G m2.m *
The realizability of Gk,, as an intersection graph of straight lines is a 
much harder question to settle. We have found a realization for the case 
“I3 
FIGURE 5 
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FIGURE 6 
k = 2 (see, for example, the realization of G2,5 in Fig. 6)3 but conjecture 
that G3,4 is not an intersection graph of straight lines. 
4. AN INTERSECTION GRAPH WHICH Is NOT AN INTERSECTION GRAPH 
OF STRAIGHT LINES 
Our purpose is to construct an intersection graph which is not an inter- 
section graph of straight lines. For this purpose we shall construct a set of 
curves of a certain structure. We shall not intersect any two curves in more 
than one point, and for ease of presentation will assume that this is the 
rule of the game in this section. 
A triungIe is a set of three curves such that each two of them intersect. 
There are essentially only two types of triangles, as shown in Fig. la 
and lb. (As long as we deal with curves which intersect only once we can 
exchange the roles of the inside and the outside of the triangle, and all 
other shapes of triangles are equivalent to one of the types described 
above.) Each one of the curves which form the triangle is called a side. 
Each side is naturally divided into a middle section and two end sections 
by the two points of intersection with the other two sides. 
A star is a set of four curves, one of which is called the head and the 
three others are called antennas. Each one of the antennas intersects 
3 This construction can be generalized to realize Gz,m . 
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the head, but no two antennas of the star intersect. A star is said to fee2 
a triangle if the head does not intersect any of the sides and each antenna 
intersects a distinct side. 
Two sets of curves are said to be disjoint if no curve is in both sets and 
no curve of one set intersects a curve of the other. 
LEMMA. A triangle may have at most eight disjoint stars which feel it. 
We shall prove the lemma for a triangle of the form of Fig. la. The proof 
for a triangle of the form of Fig. lb is similar. (In fact we need the lemma 
only for a triangle of the first type.) 
Inside the triangle can be only one star which feels it; such a star is 
shown in Fig. 7a. Since each side has three sections; there are altogether 
nine sections. Let us show now that as we add new feeling stars, each such 
addition will eliminate one of these sections from any further use. Since 
each star requires access to three sections, after we add seven more stars 
there will not be enough sections left to enable an additional feeling star. 
This will prove our claim about the eight stars. 
FIGURE I 
(h) 
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There are basically seven types of external feeling stars: 
Type 1. A star which feels the three middle sections. See Fig. 7b. 
Type 2. A star which feels two middle sections and one end section. 
See Fig. 7c. 
Type 3. A star which feels one middle section and two adjacent 
end sections. See Fig. 7d. 
Type 4. A star which feels one middle section, one adjacent end 
section and one nonadjacent end section. See Fig. 7e. 
Type 5. A star which feels one middle section, and two end sections 
which are not adjacent to the middle section. See Fig. 7f. 
Type 6. A star which feels three end sections, two of which are 
adjacent to each other. See Fig. 7g. 
Type 7. A star which feels three end sections, no two of which are 
adjacent. See Fig. 7h. 
There are topological structures different from the ones we have drawn 
in Fig. 7, but these different realizations have the same properties as in 
the discussion that follows. 
(1) Once a feeling star of Type 1 is added, no additional feeling 
star can be added, because within each one of the three regions it defines 
on the outside of the triangle there is access to two of the sides only. 
Thus, this addition eliminates all nine sections. 
(2) A star of Type 2 eliminates three sections. (In Fig. 7c the sections 
eliminated are the middle and right-hand end section of a and the lower- 
right end section of b.) 
(3) A star of Type 3 eliminates one section (middle of a). 
(4) Assume we have a feeling star of Type 4 (as shown in Fig. 7e). 
No feeling star can be drawn in region RI, because there is no access to 
side b. We can draw at most two feeling stars in region Rz ; one of Type 3, 
which uses the middle section of c; and one of Type 6 which uses the lower- 
left end section of c. These three feeling stars eliminated togethet three 
sections. Thus, we can “charge” each with one section. 
(5) Assume we have drawn a feeling star of Type 6, as in Fig. 7g. 
No feeling stars can be drawn in region R, and only one feeling star, of 
type 3, can be drawn in RI . These two stars eliminate together 2 sections 
and we can “charge” each with one section. 
(6) Assume we have drawn a feeling star of Type 5, as in Fig. 7f. 
No additional feeling stars can be drawn in R, . In RI , and symmetrically 
in R, we can draw one or more stars of Types 2,3,4, and 6. But as we 
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have seen each is “charged” with one section, and after three of them are 
drawn simultaneously, out of the five sections accessible in RI, only two 
will remain. Thus, at most, three feeling stars can be drawn in R, . It 
follows that altogether there may be seven external stars if a star of Type 5 
is present. (All nine sections are used up by seven stars and we can “charge” 
at least one to each.) In Fig. 8 we see that this extreme case is realizable. 
(7) Assume we have drawn a feeling star of Type 7, as in Fig. 7h. 
Here all three regions are similar and by an argument, similar to that used 
in (6), each can have at most two more feeling stars. This extreme case 
is also realizable and is shown in Fig. 9. 
This concludes the proof of the Lemma. 
Let us now surround the triangle of Fig. 9 by a closed curve which 
intersects each one of the antennas once but does not intersect any of the 
FIGURE 9 
58zb/zI/I-z 
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three sides or any of the heads. Such a curve is shown in a dashed line in 
Fig. 9. This closed curve shall be called the general lock. We can now draw 
24 parallel and nonintersecting additional locks with the exception that 
each will be open in one place and will avoid the intersection of one of the 
24 antennas-each lock avoids the intersection with a different antenna. 
Let V be the set of all these curves (3 sides, 8 heads, 24 antennas, 1 general 
lock, and 24 locks; altogether 60 curves) and let G be the corresponding 
intersection graph. 
CLAIM. G is not realizable as an intersection graph of straight lines. 
Assume that G is realizable as an intersection graph of straight lines. 
The triangle must have the shape as in Fig. 9. 
It is not difficult to see that all locks must be outside the triangle; this 
follows from the fact that each of them must intersect all the antennas 
but one (and in the case of the general lock-all the antennas) and there 
are at least two antennas which cannot penetrate into the triangle. 
Each middle section intersects at least one antenna of an external star 
and one antenna of the internal star, or an additional star can be drawn, 
using curves, and this contradicts our Lemma. 
The straight extension of the straight line which represents the general 
lock cannot intersect a middle section of a side of the triangle, for in this 
case the genera1 lock cannot intersect the antennas which intersect the 
other two middle sections. It follows that the whole triangle must be on 
one side of the general lock; the realization of the triangle, the three 
antennas of the internal star (which intersect the three middle sections), 
and the general lock are basically as shown in Fig. 10. Let us add the 
external antenna a”, which intersects the middle section of side a, to our 
diagram (or one of them, in case there is more than one). This is shown 
In Fig. II. 
Consider now the lock, Z’, which does not intersect a‘. Since it cannot 
intersect any of the triangle sides or the general lock it must intersect 
both b’ and c’ below the general lock as shown in Fig. 12. 
By a similar argument the lock a”, which does not intersect a” must 
FIGURE 10 
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FIGURE 12 
intersect b’ and c’ below a’ and thus cannot possibly intersect a’ as it 
should. We conclude that the claim must hold. 
Also, let us note that the lemma implies that there is no intersection 
graph which corresponds to a triangle and nine stars. This is a graph which 
is not an intersection graph and is different from the graphs described in 
Section 2. 
5. AN INDICATION OF THE NONEXISTENCE OF AN EFFICIENT ALGORITHM 
TO DETERMINE THE CHROMATIC NUMBER OF AN INTERSECTION GRAPH 
We have seen that the set of intersection graphs of straight lines is a 
proper subset of the set of intersection graphs of curves, which in turn 
is a proper subset of the set of all graphs. This seems to leave hope that 
one may find an efficient algorithm to color intersection graphs in spite 
of the fact that the problem of finding the chromatic number, of graphs 
in general, is NP-complete.4 
In a recent paper, Stockmeyer [2] proves that the problem of determining 
whether a planar graph is 3-colorable is NP complete. (A proof for 
Ccolorability would settle the Ccolor conjecture-negatively.) In fact, 
he proves a slightly stronger result without even mentioning it. 
4 The fact that a problem is Mkomplete gives strong evidence that there is no 
efficient algorithm to solve it. 
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Let us define a graph to be special if it has a representation in the plane 
in which all edges are straight line segments, edges intersect only in the 
vertices, and the angle between two adjacent edges is never less than IO”. 
Stockmeyer proves that the 3-colorability of special graphs is NP- 
complete.5 
This last refinement is not essential since we can use, in what follows, 
Fary’s theorem that every planar graph has a planar realization in which 
all edges are stright-line segments, but the use of this refinement simplifies 
our observation a little. 
We claim now, that the problem, of determining whether an intersection 
graph of straight lines is 3-colorable, is NP-complete, even if we have its 
representation as lines in the plane. 
We use a polynomial reduction from the problem of 3-colorability 
of Stockmeyer’s special graphs to 3-colorability of intersection graphs 
of straight lines. 
The basic idea is illustrated in Fig. 13. If the five line segments shown in 
the diagram are to be colored with three colors in such a way that no two 
intersecting lines have the same colors, then a and b must have different 
colors. 
FIGURE 13 
Each vertex of the special graph is represented by a line segment, All 
these line segments are parallel and have an orientation different from that 
of any line segment in the representation of the special graph. Each such 
line is located in the neighborhood of the vertex it represents. (In fact, 
we can draw each of these line segments through the vertex it represents, 
and the length of each line segment is small, compared with the length 
of edges of the graph.) For every edge in the graph we draw a triplet of 
three line segments, like x, y, and z of Fig. 13, connecting between the 
two line segments representing the end-points of the edge. These triplets 
must not touch each other. It is easy to see that this structure is possible. 
We illustrate it in Fig. 14, where (a) shows the original graph representation 
6 Actually, the statement is even true for 22.5”, instead of the arbitrarily chosen IO”. 
For our purposes any 6 > 0 will do. 
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and (b) shows the corresponding set of line segments in the plane. Clearly 
the original graph is 3-colorable if and only if the set of lines is 3-colorable. 
This proves that 3-colorability of intersection graphs of straight lines is 
N&complete, and therefore 3-colorability of intersection graphs of 
curves in the plane is also N&complete. 
Next, consider the question of whether the k-colorability of an inter- 
section graph of straight lines is NP-complete. Clearly, if k is specified 
as part of the specific problem (i.e., part of the “input”), the problem is 
N&complete. In the following discussion we shall show that even if 
k 2 3 is fixed (i.e., the same for all the problems under consideration and 
therefore not a part of the “input”) the problem of k-colorability is 
NP-complete. 
The proof of this claim is by induction on k. We have shown the validity 
of the claim for k = 3. Now, we display a polynomial reduction of k-colora- 
bility of an intersection graph G of straight lines to (k + I)-colorability 
of an intersection graph e. We assume that G is represented by straight 
lines in the plane, and the reduction produces a representation of e by 
straight lines in the plane. 
We add to the realization of G( V, E) a set of parallel line segments; 
their direction is such that they are not parallel to any of the line-segments 
in the representation of G; each line-segment of the representation of G 
must intersect at least one of these parallel line-segments. Clearly, one 
does not need more than ( V I such parallel line-segments to satisfy the 
condition. We continue all these parallel line-segments in one direction, 
until their tips are well away from the representation of G. Now, add a 
line-segment which is perpendicular to the parallel line-segments but is 
located on their extended side without intersecting any of them. Finally, 
connect each of the parallel line-segments with the perpendicular line- 
segment via k short line-segments which all intersect each other and the 
two above. Clearly, no other intersections are allowed. 
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FIGURE 15 
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For example, assume k = 3 and the representation of G is as in Fig. 15a. 
In this case two parallel line-segments are necessary and are drawn 
vertically (denoted x and v). The perpendicular is z. Now, e, whose 
representation is shown in Fig. 15b is 4-colorable if and only if G is 
3-colorable. The proof is as follows: If G is 3-colorable, color the vertices 
of G, which are also vertices of G by the same colors as in the coloration 
of G. Use the (k + I)st color for x, y, and z. Also, for each clique of 
3 (= k) vertices which is represented by connections between a parallel 
and the perpendicular (z), use the three original colors. Clearly, this is a 
legal (k + 1) coloring of G. Conversely, if e is (k + I)-color, then all the 
vertices representing the parallel are colored by one and the same color. 
Thus, the vertices of G use only k colors. This is the outline of the proof 
for the general case too. 
Related coloration problems of special types of intersection graphs 
of straight lines are discussed in [3, 41. 
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